We show that the sequentially (Sr) condition for simplicial complexes is a topological property. Along the way, we present an elementary proof for the fact that the Serre's condition (Sr) is a topological property.
Lemma 1.
The set X m is the closure of the set of all points p ∈ X such that p has a neighborhood in X which is homeomorphic to an open j-dimensional ball for some j ≥ m.
Proof. First notice that if p has a neighborhood homeomorphic to an open j-ball for some j ≥ m, then it follows from excision property that H j (X, X − p) = 0, see [3, Lemma 35 .1] for example. Thus, p ∈ X m . Now, let p ∈ D j (X; k) and let K be any triangulation of X. Let σ be the unique face of K that contains p in its interior. Also, let τ be a facet of K of maximum cardinality that contains σ. It follows from [4, Lemma 3.3] that
Finally, the conclusion follows as the interior of τ is an open ball of dimension ≥ j and p ∈ τ .
Note that the result above justifies the absence of the field k in the notation of X m . The space X m is a polyhedron. In fact, for a simplicial complex K, if we let K m to be the subcomplex of K generated by all facets of dimension at least m, then X m is the geometric realization of K m , see [1, Proposition 2.4] .
We let the dimension of D k (X; k) to be the maximum such that there is an -dimensional open ball contained in D k (X; k). Also, we use the convention that a set is empty if and only if its dimension is negative. Theorem 2. Let K be a (d − 1)-dimensional simplicial complex and X = |K| be its geometric realization. Then K is (S r ) over k for some 2 ≤ r ≤ d if and only if the following are satisfied:
Proof. First assume that K is (S r ) over k. The conditions (1) and (2) clearly hold. We verify (3). Let p ∈ D k (X; k) for some k ≤ d − 2 and σ be the unique face of K such that p ∈ int(σ). We must show that dim σ ≤ k − r. We have
Next suppose that K is not (S r ) over k. We can assume K is pure, since otherwise the condition (1) would be violated. There is a face σ in K such that H j (link(σ; K); k) = 0 for some j ≤ min{r − 2, d − dim σ − 3}.
If σ is the empty-set, then the condition (2) is not satisfied. For any point p in the interior of σ we have H j+dim σ+1 (X, X − p; k) = 0. In particular,σ ⊆ D j+dim σ+1 which implies that
contradicting the condition (3). The property of being normal is, of course, independent from the field characteristic. The following example shows that being (S r ) depends on the field characteristic for all r ≥ 3. In particular, the real projective space RP d−1 is (S r ) over a field of characteristic zero for all r ≥ 2. However, if k has characteristic two, then
Sequentially (S r )
Let K be a simplicial complex. The pure m-skeleton K [m] is the subcomplex generated by all m-dimensional faces. The pure m-skeleton can be also considered as the usual m-dimensional skeleton of the complex K m . A simplicial complex K is sequentially (S r ) if all of its pure skeleta K [m] are (S r ) . Sequentially (S r ) interpolates between the sequential Cohen-Macaulayness and the natural property of having connected face links. We refer to [1, 2, 5] for more on these properties. Sequential Cohen-Macaulayness is a topological property, see [6, Theorem 4.1.6] for instance. It was asked in [2, Question 4.14] if the same hold true for all sequential (S r ) conditions. We give an affirmative answer to this question. Note that link(σ; K) [m−dim σ−1] is the (m − dim σ − 1)-dimensional skeleton of link(σ; K) m−dim σ−1 and, in particular, for all j < m − dim σ − 1 these two complexes must have the same homology groups. Theorem 6. Let K be a (d − 1)-dimensional simplicial complex and X = |K| be its geometric realization. Then K is sequentially (S r ) over k for some 2 ≤ r ≤ d if and only if the following are satisfied for all 0 ≤ m ≤ d − 1:
(1) H j (X m ; k) = 0 for all j < min{m, r − 1}, and
Proof. Let K be sequentially (S r ) over k. Fix k and m so that k ≤ m − 1. Let p be a point in D k (X m ; k), and consider the unique σ that p ∈σ. Since H k−dim σ−1 (link(σ; K m ); k) = 0, it follows from Proposition 5 that dim σ ≤ k − r as desired. Now, assume that K is not sequentially (S r ) over k. Then there exist an integer m, a face σ of K and an integer j < min{m − dim σ − 1, r − 1} such that H j (link(σ; K m ); k) = 0. Set k := j + dim σ + 1 < m. The rest of the argument is exactly as in the proof of Theorem 2.
Corollary 7. Sequentially (S r ) is a topological property.
